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When charge current passes through a normal metal that exhibits spin Hall effect, spin accumu-
lates at the edge of the sample in the transverse direction. We predict that this spin accumulation, or
spin voltage, enables quantum tunneling of spin through an insulator or vacuum to reach a ferromag-
net without transferring charge. In a normal metal/insulator/ferromagnetic insulator trilayer (such
as Pt/oxide/YIG), the quantum tunneling explains the spin-transfer torque and spin pumping that
exponentially decay with the thickness of the insulator. In a normal metal/insulator/ferromagnetic
metal trilayer (such as Pt/oxide/Co), the spin transfer in general does not decay monotonically
with the thickness of the insulator. Combining with the spin Hall magnetoresistance, this tunneling
mechanism points to the possibility of a new type of tunneling spectroscopy that can probe the
magnon density of states of a ferromagnetic insulator in an all-electrical and noninvasive manner.
PACS numbers: 75.76.+j, 75.47.-m, 85.75.-d, 73.40.Gk
I. INTRODUCTION
A major issue in the field of spintronic research con-
cerns the electrical control of magnetization dynamics.
A particularly feasible scheme is to utilize the spin Hall
effect (SHE)1–3 in a normal metal (NM), where an ap-
plied charge current causes a spin accumulation, or spin
voltage, at the transverse edge of the sample4–6. When
the edge is in conjunction with a ferromagnetic insula-
tor (FMI) such as Y3Fe5O12 (YIG)
7, or thin film ferro-
magnetic metal (FMM) such as Co8–12, the spin voltage
induces a spin-transfer torque (STT)13,14 on the magne-
tization, rendering an efficient mechanism for magnetiza-
tion switching. In the reciprocal process known as spin
pumping15,16, a magnetization dynamics induced by, for
instance, ferromagnetic resonance (FMR), injects a pure
spin current into the NM17–19.
The microscopic origin of these fascinating phenomena
has been linked to the quantum tunneling of spin without
transferring charge20, which states that the spin voltage
causes an injection of spin-polarized electrons towards
the FMI or FMM thin film. The electrons are totally
reflected back but have finite probability of flipping their
spin after reflection, hence transfer angular momentum
into the FMI or FMM. In this article, we further predict
that even if the FMI or FMM is not in direct contact
with the NM, but separated by an insulating oxide layer
or vacuum, the spin-polarized electron can still tunnel
through the separation to cause spin transfer. Such a
tunneling process serves as the spintronic analog of field
electron emission, in the sense that it transfers only spin
but no charge through an insulating barrier (in contrast
to a magnetic tunnel junction that transfers both charge
and spin), and is purely a quantum effect that may be
overlooked by diffusive approaches.
Based on a minimal model for the quantum tunneling
of spins20 that incorporates the Onsager relation between
STT and spin pumping21, our theory well explains the
spin pumping experiment in Pt/oxide/YIG performed by
Du et al. that reveals a spin pumping spin current that
exponentially decays with the oxide thickness, with a de-
cay length related to the square root of the tunneling
barrier22. On the other hand, when this tunneling mech-
anism is applied to a NM/oxide/FMM trilayer (such as
Pt/oxide/Co) with an FMM that is thinner than its spin
relaxation length, we predict that the quantum interfer-
ence may render a spin transfer that does not simply
decay with the oxide thickness. Furthermore, since field
electron emission is the basis of scanning tunneling mi-
croscopy (STM), we explore the possibility of a tunneling
spectroscopy based on this quantum tunneling of spins.
The result is a new type of tunneling spectroscopy that
has direct access to the magnon excitation in an FMI,
yet the measurement in reality may be very challenging.
The structure of the article is arranged in the following
way. In Sec. II, we give a general formalism for the quan-
tum tunneling induced by the SHE in NM/oxide/FMI
and NM/oxide/FMM, and calculate the dependence of
the tunneling spin mixing conductance on generic mate-
rial properties such as insulating gap, interface exchange
coupling, and oxide thickness. Sec. III formulates a tun-
neling spectroscopy for the NM/oxide/FMI and show
how it is related to the magnetoresistance recently mea-
sured in these systems, and discuss the challenge of mea-
suring the proposed differential conductance in reality.
Sec. IV summarizes the results.
II. QUANTUM TUNNELING OF SPIN
THROUGH AN INSULATOR OR VACUUM
To demonstrate the spin voltage induced quantum tun-
neling through a separation layer, we adopt the formalism
developed in the minimal model in Ref. 20. Consider the
NM/oxide/FMI trilayer shown in Fig. 1 (a) that contains
three regions: (1) An NM at−∞ < x < 0 described semi-
classically by HN = p
2/2m− µσx, where µσx = ±|µx|/2 is
the spin voltage of spin σ = {↑, ↓} at position x caused
2by SHE4–6. For an up spin incident from the left, the
wave function at x < 0 is
ψN =
(
Aeik0↑x +Be−ik0↑x
)( 1
0
)
+ Ce−ik0↓x
(
0
1
)
, (1)
where k0σ =
√
2m (ǫ+ µσ0 )/~, and ǫ is the Fermi energy
that serves as energy unit. We consider a charge current
jcyyˆ, so electrons moving in xˆ direction has σ ‖ zˆ because
of the SHE relation k0σxˆ ‖ σ × yˆ, and gives a positive
spin voltage µ0 ‖ zˆ at the interface such that k0↑ > k0↓.
(2) Vacuum or nonmagnetic oxide in the region 0 < x < d
described by HO = p
2/2m+V1 with V1− ǫ > 0 the work
function or insulating gap, whose wave function is
ψO =
(
De−λx + Eeλx
)( 1
0
)
+
(
Fe−λx +Geλx
)( 0
1
)
,(2)
where λ =
√
2m(V1 − ǫ)/~. (3) The FMI occupying x >
d described by HFI = p
2/2m+ V0 + ΓS · σ, where V0 >
ǫ is the potential step. The S · σ term describes the
s−d hybridization of the conduction electron spin and the
magnetization S = S(sin θ cosϕ, sin θ sinϕ, cos θ). The
evanescent wave function in the FMI is
ψFI = He
−q+x
(
e−iϕ/2 cos θ2
eiϕ/2 sin θ2
)
+Ie−q−x
( −e−iϕ/2 sin θ2
eiϕ/2 cos θ2
)
, (3)
where q± =
√
2m (V0 ± ΓS − ǫ)/~ > 0.
The amplitudes A ∼ E are determined by match-
ing the wave function and its derivative at x = 0
and x = d, leaving only one free variable that is at-
tributed to the Fermi surface-averaged spin density at
the interface |A|2 = NF |µ0|/a3, where NF is the den-
sity of states (DOS) per a3 at the Fermi surface, and
a = 2π/kF = h/
√
2mǫ is the Fermi wave length that
serves as unit length. It is convenient13 to introduce the
frame (x2, y2, z2) defined in Fig. 1 (a), where zˆ2 ‖ S,
yˆ2 = µˆ0× Sˆ/ sin θ, and xˆ2 = −Sˆ×
(
µˆ0 × Sˆ
)
/ sin θ. The
spinors in Eq. (3) are simply (1 0)T and (0 1)T in this
frame. The conduction electron spin tunneled into the
FMI is 〈σ〉 = 〈ψFI |σ|ψFI〉, whose components are
〈σx2,y2〉 = −16 |A|
2
|γθ|2 sin θe
−(q++q−)(x−d)
× (Re, Im) (W ∗↓−W↓+) , (4)
where Wσ± and γθ are defined in the Appendix A.
The total spin per unit area a2 is denoted by 〈σ〉 =
a2
∫∞
0
dx〈σ〉. The magnetization within the range of 〈σ〉,
about 2π/ (q+ + q−) ∼ a, is treated as a macrospin S.
From the Landau-Lifshitz (LL) dynamics, the s− d cou-
pling Hsd = Γσ ·S renders the STT13, whose response in
the damping-like and field-like direction define the spin
mixing conductance21 Gr and Gi, respectively,
τ =
Γ
~
〈σ〉 × S = Γ
~
S〈σy2〉xˆ2 − Γ
~
S〈σx2〉yˆ2
=
ΓSa2NF
~
[
GrSˆ×
(
Sˆ× µ0
)
+GiSˆ× µ0
]
Gr,i =
∫ ∞
d
〈σy2,x2〉
NF |µ0| sin θ dx = −16
(Im,Re)
(
W ∗↓−W↓+
)
a3|γθ|2 (q+ + q−) ,
(5)
after substituting Eq. (4) and |A|2 = NF |µ0|/a3. Alter-
natively, from angular momentum conservation a2(j0 −
j∞) = a
2j0 = a
2jd = τ where jx is the spin current
at position x, one obtains the same Gr,i
20. The phe-
nomenon of spin pumping has also been demonstrated
in this set up22, whose mechanism follows that discussed
in Ref. 20 and satisfies Onsager relation21. In both STT
and spin pumping, the spin relaxation in the FMI plays
a relatively minor role20.
FIG. 1: (color online) (a) Schematics of the NM/oxide/FMI
set up. (b) Spin mixing conductance Gr,i as a function of the
oxide thickness d/a and interface s−d coupling−ΓS/ǫ, at FMI
gap (V0 − ǫ)/ǫ = 1 and oxide gap (V1 − ǫ)/ǫ = 0.5, plotted in
units of e2/~a2 which is about 1014 ∼ 1015Ω−1m−2 depending
on the Fermi wave length a. (c) Gr,i as a function of the oxide
thickness d/a at different values of oxide gap (V1 − ǫ)/ǫ, at
FMI gap (V0 − ǫ)/ǫ = 1 and s− d coupling −ΓS/ǫ = 0.5. (d)
The decay length of Gr versus square root of the oxide gap
or work function
√
(V1 − ǫ)/ǫ at several parameters.
For most parameters, both Gr and Gi monotonically
decay with the separation thickness d, consistent with
the spin pumping experiment in Pt/oxide/YIG22. How-
ever, when the exchange coupling is comparable to the
3insulating gap of the FMI, |ΓS| ≈ (V0 − ǫ)/ǫ, we found
that the damping-like component Gi displays a slight en-
hancement at small d (≈ 0.2a ≈ 0.08nm for Pt), as shown
by the orange line in Fig. 1 (b). Thus the interplay be-
tween the exchange coupling and the insulating gaps can
lead to unconventional tunneling behaviors in certain pa-
rameter ranges. In most of the parameter regime, the
Gr,i versus oxide or vacuum thickness d fits well with an
exponentially decay form, with a decay length that de-
creases with increasing oxide gap or vacuum work func-
tion, as shown in Fig. 1 (c), in accordance with that
found experimentally22. A systematic investigation of
the decay length of Gr (proportional to d.c. component
of spin pumping spin current) versus square root of the
oxide gap
√
(V1 − ǫ)/ǫ, as suggested experimentally22,
reveals a behavior that sensitively depends on other pa-
rameters in this minimal model, such as the FMI gap
and s − d coupling, as shown in Fig. 1 (d). Although
in large
√
(V1 − ǫ)/ǫ the decay length seems rather lin-
ear to
√
(V1 − ǫ)/ǫ, it in general does not extract to zero
in most of the parameter regimes, unlike that assumed
experimentally22.
The same analysis is applicable to the
NM/oxide/FMM/substrate multilayer if the FMM
is thinner than its spin relaxation length. In this case,
since the insulating gap of the nonmagnetic substrate is
not crucial to spin transport20, we set it to be infinite
for simplicity, such that the wave function vanishes
inside the substrate. Since the oxide separates NM
and FMM, we consider the situation that in the NM a
charge current jcyyˆ flows but not in the FMM, such that
the spin-orbit torque23–30 does not arise, and the spin
torque comes entirely from the SHE in the NM. The
wave function in the NM and in the oxide are described
by Eqs. (1) and (2), with the interface positions defined
in Fig. 2(a). The wave function in the FMM described
by HFM = p
2/2m+ ΓS · σ is
ψFM = 2iH sin (k+x)
(
e−iϕ/2 cos θ2
eiϕ/2 sin θ2
)
+2iI sin (k−x)
( −e−iϕ/2 sin θ2
eiϕ/2 cos θ2
)
, (6)
where k± =
√
2m(ǫ∓ ΓS)/~. The spin expectation value
in the FMM is
〈σx2,y2〉 = −64 |A|
2
|γ′θ|2
sin θ sin k+x sin k−x
× (Re, Im) (U∗↓−U↓+) . (7)
where Uσ± and γ
′
θ are defined in the Appendix A. Using
Eq. (5), the spin mixing conductance is
Gr,i = − 64
a3|γ′θ|2
(Im,Re)
{
U∗↓−U↓+
×k− sin k+b cosk−b− k+ sink−b cosk+b
k2+ − k2−
}
. (8)
Figure 2 (b) shows Gr and Gi versus thickness of the
oxide or vacuum d. Remarkably, Gr in general does not
monotonically decrease with d but may show significant
enhancement (up to more than 50%) at small d, and Gi
can change sign with increasing d. This very unconven-
tional tunneling behavior implies that, surprisingly, in-
serting an insulating oxide of atomic layer thickness may
enhance Gr and hence the efficiency of magnetization
switching in FMM thin films8–12. Figure 2 (c) and (d)
show Gr and Gi as functions of FMM thickness b and
oxide thickness d, where this nonmonotonic dependence
on d can be seen in many regions of parameter space.
In addition, certain periodicity with respect to the FMM
thickness b is evident, a result expected from the quan-
tum interference effect when the spin travels inside the
FMM20. In Appendix A, we further demonstrate that the
presence of the vacuum or oxide layer, despite being non-
magnetic, influences the quantum interference pattern of
Gr,i.
FIG. 2: (color online) (a) Schematics of the
NM/oxide/FMM/substrate set up. (b) Spin mixing
conductance Gr and Gi versus oxide or vacuum thickness d,
where a is the Fermi wave length, at FMM thickness b = 2a
and several values of s−d coupling −ΓS/ǫ. (c) and (d) shows
Gr and Gi versus FMM thickness b and oxide or vacuum
thickness d, at s − d coupling −ΓS/ǫ = 0.1, plotted in units
of e2/~a2 where a is the Fermi wave length. The oxide gap
or work function in these plots are fixed at (V1 − ǫ)/ǫ = 1.
4III. A NOVEL TUNNELING SPECTROSCOPY
THAT MEASURES MAGNON DOS
As field electron emission is the basis of tunneling spec-
troscopy, below we discuss the possibility of a new type
of tunneling spectroscopy based on this quantum tunnel-
ing of spins without transferring charge. Consider the
NM/vacuum/FMI in Fig. 1 (a). We aim at calculating
the differential conductance defined from the spin current
and spin voltage. Under the approximation that only the
magnetization at the interface atomic layer denoted by
S0 experiences the STT since electrons only penetrate the
FMI over a very short distance, the STT is equivalent to
the torque caused by applying an effective magnetic field
on S0. Thus the FMI under the influence of the STT is
described by
HFM = H
0
FM +Hint = H
0
FM +Beff · S0 , (9)
where H0FM describes the magnons. The effective mag-
netic field Beff caused by STT originates from the total
spin 〈σ〉 tunneled into the FMI
Beff = −G˜rSˆ0 × µ0 − G˜iµ0 , (10)
where G˜r,i =
(
ΓSa2
)
Gr,i, since τ = dS0/dt =
i [Beff · S0,S0] gives the correct LL dynamics described
by Eq. (5) with the replacement S → S0 (hereafter
~ = 1). Note that in Eqs. (9) and (10), the unit vector
Sˆ0 = (sin θ cosϕ, sin θ sinϕ, cos θ) denotes the direction
of the interface magnetization, while S0 = (S
x
0 , S
y
0 , S
z
0 )
is the operator of interface magnetization expressed in
the (x, y, z) frame, and the spin accumulation µ0 =
c†0ασαβc0β is expressed in terms of electron operators at
the interface.
The Beff , which contains both field-like and damping-
like components, causes a torque that can be calculated
within linear response theory7,36. We are interested in z
component of the torque as it is related to the longitudi-
nal spin Hall magnetoresistance (SMR)31–34 as addressed
below. After Fourier transform and a gauge transforma-
tion, as demonstrated in Appendix B, the z-component
of the torque operator and the relevant terms containing
S+ or S− in Hint are
L(t) =
∑
kk′q
S−q (t)c
†
k′↑(t)ck↓(t) ,
M(t) =
∑
kk′q
S−q (t)
(
c†k′↑(t)ck↑(t)− c†k′↓(t)ck↓(t)
)
,
Hrelint = iJ1L
†(0)− iJ∗1L(0) + iJ2
[
M †(0)−M(0)] ,
τˆz = J1L
†(0) + J∗1L(0) + J2
[
M †(0) +M(0)
]
,(11)
where J1 =
(
G˜r cos θ + iG˜i
)
/
√
NNNI and J2 =
−
(
G˜r sin θ
)
/2
√
NNNI are the effective coupling be-
tween NM and FMI, with NN and NI denoting the num-
ber of lattice sites for NM and FMI along xˆ direction,
respectively. The spin conserved L(t) and spin noncon-
served M(t) originate from the field-like and damping-
like component of Eq. (10), respectively.
The linear response theory7,36
τz = −i
∫ t
−∞
dt′〈[τˆz(t), Hrelint(t′)]〉 , (12)
with τˆz(t) = eiH
′tτˆze−iH
′t and Hrelint(t
′) =
eiH
′t′Hrelinte
−iH′t′ , where the total Hamiltonian
H ′ = H↑ + H↓ + H
0
FM describes the spin up and
down electrons in the NM and magnons in the FMI,
leads to
τz = −2|J1|2Im
[
ULret(µ0)
]− 2|J2|2Im [UMret(0)] , (13)
as shown in Appendix B. The retarded response functions
are calculated in the Matsubara version
UL(iω) = −
∫ β
0
dτeiωτ 〈TτL(τ)L†(τ)〉 (14)
and then using analytical continuation iω → µ0+ iδ, and
similarly for UM (iω) using iω → 0 + iδ. Only the first
term in Eq. (13) is nonzero, yielding (see Appendix B)
τz = 4π〈Sz〉|J1|2
∫
dξ
∫
dΩ N↑ (ξ)N↓ (ξ + µ0 +Ω)NM (Ω)
× [nF (ξ + µ0 +Ω)− nF (ξ)] [nB(−Ω− µ0)− nB(−Ω)] = a2jz0 , (15)
where we have converted momentum sums into energy
integrals, and used angular momentum conservation to
identify the torque with the spin current in the NM at
the interface jz0 . The N↑ and N↓ are the DOS of spin
up and down electrons that are assumed to be constant
within the range of measurement, and NM (Ω) is the DOS
of magnons at Ω. The nF and nB denote the Fermi
and Bose distribution function, and 〈Sz〉 is the ground
state magnetization of the FMI in the linear spin wave
theory. As demonstrated in Appendix B, the derivative
of the spin current with respect to spin voltage is linear
in temperature T and proportional to the magnon DOS
5at −µ0
djz0
dµ0
∝ kBT 〈Sz〉|J1|2N↑N↓NM (−µ0) ∝ d∆ρ1
djc
, (16)
where we have used the fact that jz0 , after converted back
to a charge current via inverse spin Hall effect (ISHE),
is proportional to the SMR in the longitudinal direction
∆ρ1, and µ0 is proportional to the input charge current
jc
32. Equation (16) indicates a new type of tunneling
spectroscopy that can directly measure the magnon DOS
of the FMI at a specific energy −µ0, achieved by taking
the derivative of the longitudinal SMR in the NM with
respect to the input charge current.
The analysis from Eq. (9) to (16) is also valid if the
oxide or vacuum is absent (d = 0 in Eqs.(4) to (5)),
i.e., an NM/FMI bilayer in which SMR has been inten-
sively investigated31–33, although the probe (NM) is per-
manently attached to the sample (FMI) in this situation.
These SMR experiments typically operate at charge cur-
rent density no more than jc ∼ 108A/cm2 at room tem-
perature due to Joule heating31,33,34. Assuming a typ-
ical NM thickness ∼ 10nm and a spin diffusion length
of the same order, and the conductivity σ ∼ 107S/m
and spin Hall angle θH ∼ 0.1 for Pt3, the spin voltage
produced at jc ∼ 108A/cm2 is about µ0 ∼0.1meV, and
so is the maximal energy at which magnon DOS can be
probed according to Eq. (16). Compared to the whole
magnon band width that is typically about 10 ∼ 100meV
in solids, the proposed tunneling spectroscopy therefore
measures the magnons at very low energy that are gener-
ally more coherent and well described by the linear spin
wave theory7,36–38. Comparing to other methods that
measure magnon DOS, this probing energy range is few
orders higher than that uses nitrogen-vacancy (NV) cen-
ter in diamonds (∼ µeV)39, and approaching the probing
range of the Brillouin light scattering (∼meV)40, while
having the advantage of being an all-electrical measure-
ment that requires no additional field or light source.
One can estimate the change of spin current ∆jz0 due
to excitation of magnons from Eq. (16). The prefac-
tor of the proportionality in Eq. (16) is of the order of
4π/a2~ times unity for an NM/FMI bilayer. Assuming
the charge current in the NM is increased from zero to
a maximal jc ∼ 108A/cm2, which gives a change of spin
voltage ∆µ0 ∼ 0.1meV as discussed in the previous para-
graph. Using djz0/dµ0 ∼ ∆jz0/∆µ0, and typical mate-
rial parameters for the DOS N↑ ∼ N↓ ∼ NM ∼ 1/eV,
layer thickness
√
NNNI ∼ 10, exchange coupling J1 ∼
ΓSa2Gr,i/
√
NNNI ∼ 0.01eV, temperature kBT ∼ 0.1eV,
and lattice constant a ∼ nm, one obtains the change
of spin current (particle flux) ∆jz0 ∼ 102A/cm2. This
should be compared with the SHE spin current at this
maximal charge current, which is of the order of jz0,SHE ∼
θHjc ∼ 107A/cm2 assuming the thickness of the NM is
close to its spin diffusion length32. Therefore the magnon
excitation gives a very small correction to the SHE spin
current ∆jz0/j
z
0,SHE ∼ 10−5, and so is the correction to
SMR32 at this maximal charge current jc ∼ 108A/cm2,
which can be very challenging to measure. Finally, we
remark that in principle, an STM based on this quan-
tum tunneling of spin is also possible by fabricating the
NM into a nanometer size tip, although measuring the
SMR caused by tunneling through such a small tip will
obviously be very difficult.
IV. CONCLUSIONS
In summary, we predict that the spin voltage caused
by SHE can induce quantum tunneling of spin through
a thin insulator or vacuum, realizing the spintronic ana-
log of field electron emission. In the NM/oxide/FMI tri-
layer, this tunneling process yields a STT and spin pump-
ing that in most of the parameter regime decays mono-
tonically with the oxide thickness, in good agreement
with the spin pumping experiment in Pt/oxide/YIG22.
In the NM/oxide/FMM, the quantum tunneling yields a
spin mixing conductance that in general does not mono-
tonically decay with thickness of the insulator or vac-
uum. Consequently, inserting an ultrathin insulator be-
tween NM and FMM may surprisingly improve the per-
formance of the magnetization switching caused by SHE.
For the NM/oxide/FMI case, a new type of tunneling
spectroscopy is revealed based on this quantum tun-
neling of spins, which can directly probe the magnon
DOS of the FMI, and has the advantage of being an all-
electrical measurement that requires no external field or
light source. Combining with SMR measurements, such
a tunneling spectroscopy can be practically realized by
taking the derivative of longitudinal SMR with respect
to the input charge current, as described by Eq. (16), al-
though the smallness of the spin voltage may render such
measurement rather challenging in reality.
We thank P. Gambardella for inspiring this project,
and Y.-H. Liu, S. Ok, F. Casola, R. Wiesendanger, H.
Schultheiß, and J. Mendil for fruitful discussions. W. C.
and M. S. are grateful for the financial support through a
research grant of the Swiss National Science Foundation.
Appendix A: Detail of spin-transfer torque
calculation
By matching the wave function at the x = 0 and x =
a interfaces, we obtain the scattering coefficients in the
6NM/vacuum/FMI trilayer. Introducing
Wσα =
∑
β=±
(
1− βλ
ik0σ
)(
1 +
qα
βλ
)
eβλd ,
γθ = sin
2 θ
2
W↓+W↑− + cos
2 θ
2
W↓−W↑+ .
Z1θ =
eλa
γθ
[(
1 +
q+
λ
)
cos2
θ
2
W↓−
+
(
1 +
q−
λ
)
sin2
θ
2
W↓+
]
,
Z2θ =
e−λa
γθ
[(
1− q+
λ
)
cos2
θ
2
W↓−
+
(
1− q−
λ
)
sin2
θ
2
W↓+
]
,
Z3θ =
eλa
γθ
sin
θ
2
cos
θ
2
[(
1 +
q+
λ
)
W↓−
−
(
1 +
q−
λ
)
W↓+
]
,
Z4θ =
e−λa
γθ
sin
θ
2
cos
θ
2
[(
1− q+
λ
)
W↓−
−
(
1− q−
λ
)
W↓+
]
, (A1)
the scattering coefficients are written as
B = A
(
1 +
λ
ik0↑
)
Z1θ +A
(
1− λ
ik0↑
)
Z2θ ,
C = Aeiϕ
(
1 +
λ
ik0↓
)
Z3θ +Ae
iϕ
(
1− λ
ik0↓
)
Z4θ ,
D = 2AZ1θ , E = 2AZ2θ ,
F = 2AeiϕZ3θ , G = 2Ae
iϕZ4θ ,
H = 4A
eq+a
γθ
eiϕ/2 cos
θ
2
W↓− ,
I = −4Ae
q−a
γθ
eiϕ/2 sin
θ
2
W↓+ . (A2)
Since the particle flux is zero k0↑|A|2−k0↑|B|2−k0↓|C|2 =
0, there is no charge current in this problem but only spin
current, making it clear that the formalism describes the
spin injection caused by the pure spin current in SHE.
The scattering coefficients for the
NM/vacuum/FMM/substrate multilayer are obtained
similarly from matching the wave function at the
interfaces. Defining
ηαβ = −2i
(
sinkαb+ β
kα
λ
cos kαb
)
,
Uσα =
∑
β=±
eβλ(c−b)
(
1− βλ
ikσ
)
ηαβ ,
γ′θ = sin
2 θ
2
U↓+U↑− + cos
2 θ
2
U↓−U↑+ ,
Y1θ = η++ cos
2 θ
2
U↓− + η−+ sin
2 θ
2
U↓+ ,
Y2θ = η+− cos
2 θ
2
U↓− + η−− sin
2 θ
2
U↓+ ,
Y3θ = e
iϕ sin
θ
2
cos
θ
2
(η++U↓− − η−+U↓+) ,
Y4θ = e
iϕ sin
θ
2
cos
θ
2
(η+−U↓− − η−−U↓+) , (A3)
we write
B = Ae−2ik0↑c
eλ(c−b)
γ′θ
(
1 +
λ
ik0↑
)
Y1θ
+Ae−2ik0↑c
e−λ(c−b)
γ′θ
(
1− λ
ik0↑
)
Y2θ ,
C = Ae−i(k0↑+k0↓)c
eλ(c−b)
γ′θ
(
1 +
λ
ik0↓
)
Y3θ
+Ae−i(k0↑+k0↓)c
e−λ(c−b)
γ′θ
(
1− λ
ik0↓
)
Y4θ ,
D = 2Ae−ik0↑c
e−λb
γ′θ
Y1θ , E = 2Ae
−ik0↑c
eλb
γ′θ
Y2θ ,
F = 2Ae−ik0↑c
e−λb
γ′θ
Y3θ , G = 2Ae
−ik0↑c
eλb
γ′θ
Y4θ ,
H = 4Ae−ik0↑c
eiϕ/2
γ′θ
cos
θ
2
U↓− ,
I = −4Ae−ik0↑c e
iϕ/2
γ′θ
sin
θ
2
U↓+ . (A4)
The charge current in the NM is again zero since k0↑|A|2−
k0↑|B|2 − k0↓|C|2 = 0.
Figure 3 shows the spin mixing conductance Gr and
−Gi as functions of FMM thickness b and interface s− d
coupling −ΓS/ǫ, for several values of vacuum thickness d
assuming a constant work function or oxide gap (V1−ǫ)/ǫ.
When the vacuum or oxide is absent d = 0, we recover the
NM/FMM/substrate trilayer reported in Ref. 20, where
Gr,i shows oscillatory behavior with respect to both the
FMM thickness and the s − d coupling, which has been
attributed to the quantum interference effect when the
spin travels inside the FMM. In the presence of the vac-
uum or oxide layer d 6= 0, the quantum interference effect
still manifests, but the interference pattern changes sig-
nificantly with the vacuum thickness d. Thus the vacuum
or oxide layer, despite nonmagnetic, participates in and
significantly influences the quantum interference effect
for the spin transport in this multilayer system.
7FIG. 3: (color online) The spin mixing conduc-
tance Gr (upper figures) and −Gi (lower figures) in
NM/vacuum/FMM/substrate multilayer plotted as functions
of FMM thickness b and the s − d coupling −ΓS/ǫ, at
different vacuum thickness d. The length unit a is the Fermi
wave length. The work function for tunneling through the
vacuum is fixed at (V1 − ǫ)/ǫ = 1.
Appendix B: Detail of linear response theory and
differential conductance
In NM/vacuum/FMI, the STT is equivalent to the
torque produced by the effective magnetic field described
by Eq. (10). We may write the z-component of the torque
operator as
τˆz = G˜i [S0 × µ0]z + G˜r
[
S0 ×
(
Sˆ0 × µ0
)]z
= G˜i [S
x
0µ
y
0 − Sy0µx0 ]
+G˜r
[
Sx0
(
Sˆz0µ
x
0 − Sˆx0µz0
)
− Sy0
(
Sˆy0µ
z
0 − Sˆz0µy0
)]
=
1
2
(
G˜r cos θ + iG˜i
)
S+0 µ
−
0 +
1
2
(
G˜r cos θ − iG˜i
)
S−0 µ
+
0
−1
2
G˜r sin θ
(
e−iϕS+0 µ
z
0 + e
iϕS−0 µ
z
0
)
, (B1)
where we have used the operators S±0 = S
x
0 ± iSy0
and µ±0 = µ
x
0 ± iµy0 , and the unit vector Sˆ0 =
(sin θ cosϕ, sin θ sinϕ, cos θ). Likewise, the effective in-
teracting Hamiltonian that gives τˆ = i [Hint,S0] is
Hint = −G˜iS0 · µ0 − G˜rS0 ·
(
Sˆ0 × µ0
)
= −G˜iµz0Sz0 −
G˜i
2
(
µ+0 S
−
0 + µ
−
0 S
+
0
)
− i
2
G˜r cos θ
(
µ+0 S
−
0 − µ−0 S+0
)
− i
2
G˜r sin θ
(−e−iϕµ+0 Sz0 + eiϕµ−0 Sz0
+e−iϕµz0S
+
0 − eiϕµz0S−0
)
.
(B2)
The e±iϕ in Eqs. (B1) and (B2) can be removed by a
gauge transformation e∓iϕS±0 → S±0 , e∓iϕµ±0 → µ±0 . Af-
ter Fourier transform, one obtains Eq. (11).
The linear response theory in Eq. (12) leads to the
calculation of
τz = −i
∫ ∞
−∞
dt′θ(t− t′)〈[τˆz(t), Hrelint(t′)]〉
=
∫ ∞
−∞
dt′θ(t− t′)
{
−|J1|2e−iµ0(t−t
′)〈[A†(t), A(t′)]〉
+|J1|2eiµ0(t−t
′)〈[A(t), A†(t′)]〉
−|J2|2〈
[
B†(t), B(t′)
]〉+ |J2|2〈[B(t), B†(t′)]〉} ,
(B3)
which requires the calculation of the Matsubara response
8function in Eq. (14). The L and M channel give
UL(iω) = −
∑
kk′q
∫ β
0
dτeiωτχ−+(q, τ)G↑(k,−τ)G↓(k′, τ) ,
UM (iω) = −
∑
kk′q
∫ β
0
dτeiωτχ−+(q, τ)
× [G↑(k,−τ)G↑(k′, τ) +G↓(k,−τ)G↓(k′, τ)] ,
(B4)
where Gσ(k, τ) and χ
−+(q, τ) are electron and magnon
Green’s function
Gσ(k, τ) = −〈Tτckσ(τ)c†kσ(0)〉 =
1
β
∑
ωn
e−iωnτ
iωn − ξkσ ,
χ−+(q, τ) = −〈TτS−−q(τ)S+q (0)〉 =
−2〈Sz〉
β
∑
νm
e−iνmτ
iνm + ωq
,
(B5)
with β = 1/kBT . The frequency sum leads to
UL(iω) = 2〈Sz〉
∑
kk′q
[nF (ξk′↓)− nF (ξk↑)] [nB(ξk↑ − ξk′↓)− nB(−ωq)]
iω + ξk↑ − ξk′↓ + ωq
UM (iω) = 2〈Sz〉
∑
kk′q
[nF (ξk′↑)− nF (ξk↑)] [nB(ξk↑ − ξk′↑)− nB(−ωq)]
iω + ξk↑ − ξk′↑ + ωq
+ 2〈Sz〉
∑
kk′q
[nF (ξk′↓)− nF (ξk↓)] [nB(ξk↓ − ξk′↓)− nB(−ωq)]
iω + ξk↓ − ξk′↓ + ωq .
(B6)
Using analytical continuation and Im
[
1
x+iη
]
= −πδ(x),
one obtains Eq. (15), in which the UM (iω) response func-
tion does not contribute.
To see how the derivative of spin current is related to
magnon density of states (DOS), consider the integral in
Eq. (15) denoted by I˜. We make the usual assumption in
tunneling spectroscopy that the DOS of the probe (the
NM) stays constant within the range of measurement so
it can be pulled out of the integration, and notice that
the nB(−Ω) factor does not contribute to the integral,
thus
I˜ = N↑N↓
∫ ∞
−∞
dξ
∫ −µ0
0
dΩ [nF (ξ + µ0 +Ω)− nF (ξ)] nB(−Ω− µ0)NM (Ω)
≈ N↑N↓
∫ ξ0
−ξ0
dξ
∫ −µ0
0
dΩ
[
1
4
+
(Ω + µ0)
8kBT
− ξ
2
16k2BT
2
− ξ(Ω + µ0)
16k2BT
2
]
NM (Ω) ,
(B7)
where we expand the distribution function to leading or-
der in ξ and Ω + µ0, and notice that −µ0 > 0. The
distribution function is mainly concentrated within the
range of Fermionic energy −ξ0 < ξ < ξ0 whose boundary
is proportional to temperature ξ0 ∝ kBT (using the ex-
pansion in Eq. (B7) and solve for where the distribution
function vanishes at Ω = −µ0 yields ξ0 = 2kBT ). Dif-
ferentiating the integral with respect to −µ0 gives, using
either numerical integration or the approximated analyt-
ical form of Eq. (B7),
dI˜
d(−µ0) ∝ N↑N↓NM (−µ0)kBT , (B8)
and so follows Eq. (16). We anticipate that the linear T
dependence may help to separate the calculated tunnel-
ing spin conductance from other contributions to the spin
current if they have a different power law dependence on
temperature.
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